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Abstract

We have pursued the consequences of the triple lsomcrphism between
the set of subsets Sa, Sb, Sc ete., »f a universal get S , the logic of
the properties 4, B, C etc., of the members of these subsets snd the
Boolean numbers 1, 0 for the elements a, b, ¢ etc., of a Boclean
algebra (BA=1) of genus 1, along with the i—1 correspondences between the
operators U y ﬂ y —~ of set theory, V ’ A ,_]-of propositional caleulus
end Boalesn sum ( €D ), Zoolean product { &) and Boolesn complement { ¢ )
of BA-i. The reversel of a relation of the type S, {} 5, =5, >
A A Bz C & a®5b= ¢, expressed in the form "Given the truth value
T or P of A and C, what is the truth value of E?", leads %o the possibility
of there being other states of truth of the nature T V F (= D, tautology)
md T /A P (= I, contradiction), which are not describable by BA=1, but
only by 2~vectors of the type & = (a, avg) is Boolean algebra BA-2
(having (1 0) for T, (0 1) for B, (1 1)} for D and (0O O} for X),
together with 2x2 matrices for logical connectives. The whole of propositional
calenlus {PC) has - thus an isomorphic representation in this BA-2 algebra,
which has been nemed SFS {standing for Syad Nyaya System, Syad = may be,

Nyaya = Logic, in Sangkrit ).

The Boolean operations @ and ® are applicable %o n-vectors in the
form a@ b = ¢ > a(l) & b() = c(d) (L =1ton) and
Ll [ —

c . .
similarly for y and applied to p=vectora. Then, in addition to
matrix operators which correspond to the legieal operators /\ ' V ,’_1 ete,
we alsc have Boolean operators for the 'superposition' of informatien for

the same logical term from two independent sources in the form 5-_1 éz = a
—~ ~r
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and '%1 22 = é‘ These correspond to checks for presence and abaence
of contradiction and for the occurrence of tautology in claseical logic,
ag well as for drawing the effective truth value of a from those of
51 and 22 s but are neatly representable by Boolean symbols end

~ P

operators in BA=2 for PC and BA-n for multivalued logic (MVL).

The really interesting consequence that comes out of this approach
is from the reversal of such Boolean operations in RA~2, when the resulting
truth values are not expressible even in BA-2, btut only in BA~3, eg. of the
type 8 = D but not T', 'D but not P', 'D but pot T and not F' by 3-element
vectors & = (aY ag a.). The three basic vectors of BA-3 are (1 0 0)
for 'always ' ( AT), (0 O 1) for 'always P' (AP) md (0 1 0) for
'D but not T and not P' (B). This third state 'B' of truth, representing
the logical property of 'exists, but not definitely true and not definitely
false' is the 'excluded middle’ of classical logic, It has beep included
by Brouwer in his Intuiticnistic Toglc, and since the Boolean algebraic
atate (O 1 O) has all the properties of this Brouwer state, we have given
it the symbol 'B. In fact, the BA-~3 algebra can also represent the wvarious
quentifiers of predicate logic, with (1 0 0) &> (V' x)(ax), (00 1) &>
(V x)(—Tax), ana (0 10) &> (& x)(ax) = (3 x)(ax) A (3 =) ex).
Hence, BA-3 has (23- 1) = 7 non-zero elements plus one corresponding to
the null set (¢ z)(ax). In fact, the seven states of truth were listed
by the ancient Indian Jaina philosophers as '"saptabhengi' (= seven-fold,
in Sanskrit) with the name 'avaktavya' (inexpressible) for the state (0 1 0)-

hence the name SBL (Saptabhangi Logic) for logic with BA-3 states.
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With this background, which is mainly presented in the appendix,
the result in the main body of the paper become spparent. It is shown
that a variety of paredoxes and antimonies that are present in the
literature of logic can all be attributed to the existence
in 2]l of them of & common relation of the type & €=p a8 for a statement
a, woere - ] corresponds to the interchange of truth and falsity.
This equation is usually assuBed to have nc solution in ¢laseical logic-—
hence the paradox , tut it has two solutions in SNS, namely (7 \/ F) and
Gy /\F), corresponding io upiversal doubt (D) and corntradiction (X)),
both of which are 'singularities' in logic, However, if BA=3 truth values
are included, the state (7 1 1) corresponding to D disappears, and is
replaced by the state B (0O 1 0) of S3EL, which corresponde to the result that
the statement a "exists, tut ia not provable to be definitely true, or
definitely false'. The other solution X continues as XX (0 0 0) in SEL,
corresponding to 'coniradiction'. So alse, Godel's proof of incompletenesgs
of predicate logic does not necessarily lead to emy defect in the axioms,
but hsas a logical reprugentation in SEL in this state B, Hence, the
conatruction of a statement E_‘ which is "true, but not derivable 1o be
true or false" conly indicates that G has the permigsible atate (0 1 Q) of
BA-3, and does not react on the axicms of the field of imowledge in which
the statement is proposed. It only indicates the need for the expansion
of the gementics of the field of krowledge by incorporating the consequencé
of the 'singular' state B arising for t(/G:) y which is impossible in L
or 3NS, An anaiysis of some 3 paradoxes and incompletenesses are given
including alsc the belief in encient Indian philosophy that there is a
Supreme Being encompasaing the whole of existence, but for which the only
definition is by the paradeoxical statement, "We Jnow I% whern we realise

that It can never be known fully".



Common origin of all paradoxes and incompleteness in logic —

Introduction of the BA-3 indefinite state B _in the Boolean Vector—iatrix

Formulation of Togie for the truth value of a statement which is neither

provable to be true nor falase

G.K. Ramachandran

1. Introduction

This report contains a unified treatment on the basig of BVMI"I of various
paradoxes like the Cretan Liar Paradox, Richard's Paradox, Russell's Paradox
regarding sets, the paradox of infinjty, as well as the existence of
incompleteness, ag was shown by Godel, for predicate logic, in 1931, A1l
these could be atiributed to the fact that logic has not only two classical
truth values "True" (T) and "False" (F) of BA-1, but necessarily requires twe
other truth values — "Doubtful" (D = 'T or F') and "Impossible"” {X = '! and F'.
which are present in BA-2 algebra. The last of these is a contradictiom,
but the third one igm a passible truth value for some statements which have
'singular' properties — particularly of the type ] a<=» a. This is
because )} T =F and ~“IF = T, g0 that V(T © F) is once agein
(T @ ?), and the state D is a non—contradictory solution of this equation.
It is showm that in ell the above parsdoxes, as well as in Godel's proof
and related incompletenesses, the above equation as=> 2 is the )

essential cperative condition for the singular nature of the term a.

One further modification of this arises from the fact that the pure
states T and P do not satisfy the equation — 2 =2 a while the mixed
state D = 'T or F' satisfies it. Therefore, the exact golution of
T\ a¢=> g, other then "contradiction", is 35 = "D, but not T and not F"
and not b itself, In BVIF, this is a basic stete in BA=3, which has seven
possible truth vaelues and an eighth impossible one, or "contradietion",

built up from the three basic states T, 3 and F. (see [R2Z}, (®3), [R4], (BS)).

1BVM:F stands ror “Boolean Yector-lkiatrix Formulation" of Lo~ic developed

by the author [R“i, R2 B3 ] A glossur Le given at the end of the report
of the svmbols, of terms and other atbreviations in 3V 7 that are used

in this report.
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It is ipteresting that thia {truth value is identical with the
"third state" thet is postulated in Brouwer’s intuitionistic logic which
dces not obey the Law of Ffxcluded Middle. Therefore, the letter B,
which is the first letier in the naeme Prouwer, has been adopted as the
symbcl for this truth value. It corresponds to the fact that the statement
under consideration cannot be proved to be either true or false. Such a
conclusiocn need not, however, mean that the gtatement should be conasidered
invalid, or that the axioms of the relevant field of lmowledge and/or
of logic are incomplete. This is diacuased in detail in whet follows,
employing EVUF formuilae ard techniques? It is shown in particular that
Godel's proof of incompleteness of the axioms of arithmetic ia not walid
snd that his results poilnting to "incompleteness" are consistent with the
BA~3 algebra of gquantifier calculus. Thus, the concept that Godel's proof
leads to incompleteness of the axioms ¢f arithmetic is found. to be not
necesserily frue, and that we can only say that the atatement G (G1, HH-1)

contained in (13) Section }) hms a truth value B which is a lagically
permissible feature. The paradaxes are alao a2ll shown to have a non-
contradictory solution in the permissible logical stats B.

The posaibility of perpetual doubt for some logical statements has
examples not only in logiec and mathematics ; it has even been noted in
philosophy, particularly of the eclectic type in ancient Indian {(Rindu
and Jaina) philossphiecel literature. In fact, the Jainas had seen the
need for the four truth values T, ¥, D, X (of BA-2 in BVMF) and even more
surprisingly, the seven states of truth of BA~3, which they had named
Saptha- i (seven-membered system) and had given a name 'avaktavya'
(indescribable) for the indefinite state B [H{] « In Hindu philosophy
of the Upanishads, even the Ultimate Reality (Brehman) is found to be
capable of definition and description only in terms of such apparently
paradoxical statements as — "It is not imown to those who think they
know It ; but It is known to thoae who know they cannot lmow it", (See
[jo in particular for a detailed discussion of this, which is briefly
presented in Section 3{ix)}.

2 A brief indication of BVMF formulae and techniques is given in the
Appendix A. The appendix A and the glossary together should be sufficient
for reading this report from the BV¥MF point of view.
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2, Definition of the third indefinite gtate B and its compecuences

A number o¢f paradoxes (antimoniea) has appeared in the literature
of logic right from the classical Greek period going threugh the ages
and more precigely stated in the treatments in modern texts on mathematiecal
logic. A representative (but mot exhaustive) list of these is given in
the next section and the nature of the resolution-of each of them is
indicated therein. It turma out that all such "singularities' in logic
have one feature in common, namely the simmltaneous occurrence of the

two equations (1a) and (1b) for some statement

g. H
a == ~7] a md  TJa =% a (1a, b)
or put in words,
nIif a is true then 2 is not true, end

if a 1is not true then a is true" {(2)

In the form of Eq.{1), the two implications cen be combined to lead to

the equivelence in (3a) =nd (3b)}

(8 & —Ma) = (a2 & 3) (3a,9)
The question therefore 1a one of finding a solution or sclutions for
a (under the conditions of the problem) which satiafy 2q.(3) -or

Eqs. (1a,b).

3
This is best done in EBVMF Cor propositional caleulus in the SNS
formulation LR‘!] employing Boolean algebra of genus 2 (ZA=2). Denoting
3

SNS stands for "Syad Nveya Svetem" (Syad = May be, Nyaya = logic, in
Sanslrit) and represents BA-2 truth value generated by two basic states
Ty P, #e shall always use SBEL for BA-3 truth values (SBL standing for

Sapthabhemgi (seven-membered system) Logic), generated by three basie
states 7, B, F.
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the vector a by Gl and the operator connecting the left and right
sides of Eq. (3} by the matrix IZ:I = H_rl, it has the form

0 1
Q‘gl= é‘;‘r .E" (1 )v Cgl= (a,(. 3&) (4)

0

Putting the only two possible velues O and 1 for the Boolean scalars

a,and ag 4 the only possible solutions of Eq. (4) come cut to be

a, = 1, ag = 1, {'5:‘-.- (1 1) D {5a)

s, = 0, ag= 0, &l = (0 0 =X {sb)
Which one of the two solutions (S5a) and (5b) is valid for a particuler
problem and when one, or the other, or both, became possible, depemnds on
the semantics of the argument under cansideration which leads to Eq.(1).
However, as we shall show below, one or the other or these (or both)
gives & resolution of the peculiar situation of what is commonly
considered to be a paradoxical one, or ane leading to the conelusiom

that the axioma of some field of knowledge are incomplete or defective,

As has been described in [R1) and (88], the state D of SNS includes
the possibility of being pure T, and pure P, by themselves, but neither
of these satisfiee Eq.(1) or (3). (It will de noticed that for both
T=(1 0)ad F=(0 1), the equation —]a €=» 2 is not valid.)

Therefore Eq. (5a) will have to be modified as (5c) to say:
a = "D but not T and not ' = B (sey) (5¢)

This is not a state for a truth value in BA-2 and therefore we have to

in _ {&3)
go further to BA=3 which we have shown[s2) and [RS5]is valid for quantifier
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caleulus., When this calculus is applied to fruth values, the basic vectors are

?=(i00), 2=(001), B=(010) (6)

for the three orthogonel truth values for 3-valued logic,. corresponding
to the three quantifier states V (For a11) = (1 00),

9 (For none) = (0 0 1), i(}?or some) = {0 1 0). (The symbol B
for the amalog $ in QFL, is after the first letter of the neme of

frouwer who first introduced this indefinite state in his Intutiomistie

Logic {B1) and[m2}).

Since the operator K oenly converts T into P and P ihto P, the

correspending matrix is,w -3,

0 0 1
|g] = |0 t O (1
’ 1 0 0

It will be geen that B remains invariant under its operation to give

the equation (8) for (3) in Ba-3 :

llil = &) tor L)l =B = (010) (8)

In BA-3, the analog of X = (0 0) of SNS, is XX= (0 O 0) and
thig also satiafies Eq.(8) so that (5a) and {5b) when properly revised

take the form,

ay = o, 8¢ = 1, a, = 0,(5\-—'(0 1 0) = B(ijanL)(ga)
0, a;= 0 a.= 0,{al=( 0 0) =n(¢mQPL)(9b)

&y
These two solutione are, however, not the only ones for Eq.(8) in BA-3,

There are also two other soluticns of the equatiom <:.'\El = <§'[ , namely



(1o1) =8 (Nin QL)  (10a)
(111)

o
-(
1]
23
o
|
o
[+
find
I
P
e e
1}

D (A in QL) (10b)

__..
[}

However, both these contain the definite states of truth and falsity,
namely (1 0 0) and (0 O 1), as possibilities that cem occur, which,
however, do not satisfy Eq.{1). They are therefore not valid solutions
of Eq.(8), and we are left with (Sa) and (9b) as the only solutions.
These two can be given a& simple logical description' in terme of
'absolutely true' and 'absolutely false' (AT snd AF) snd 'possibly true’

and 'possibl¥ false' (ET and EF) states using the vidya operator X . [32, RB-J

X=(000) = (100)® (001) = AT X AP = "both absclutely
true and absolutely false " (Contradiction) (11a)
B-(010)=(110)@(011)=ET_EEF:"poaaib1ytme

and possibly false but neither definitely so " {Indefinite)
{11b)

The snalogs of the states AT, ET, AF, BF in QPL are V . 3, 1 3,
and ~ | V reapectively.

As will be seen from the above DBVMP description of this state B,
it 18 a state that "exista"; but if a term or statement & 1s in that
ptate, its truth cennot be demonstrated definitely by deductlion ainge
ay= 0, and similarly its definite  falsilty cannot also be proved since

0. This follows from the BVMF formilae |R3)

B.E=
B Y AT = (010)@® (1 00)=1(000) = "Bis 'orthogonal' to
'absolutely true' in BA-3 "
(12a)
B Y AP = (0c10)@ (0 1) =1{000) — "B is ‘orthogenal’ to

‘absolutely false' in BA-3 "
{121)
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Thus we get the strange result that a logical term, or statement,
can arise in an argument statable in terms of BA-1 or BA-2 algebra
for truth values, but whose truth value is such that neither its
absolute truth nor absolute falsity is derivable or provable; but
yet the statement exists (or "is true")}. It ie interesting that this
is precisely the way in which Godel's incompleteness theorem for

predicate calculue (G1 , NN1] 1is stated

YThere is &n arithmetical formula G in predicate calculus

that is such that neither the truth nor the falaity of E-_, (13)
can be demonsatrated although 5 i3 a valid permissible

atatement in the system".

However, as cen be readily seen from our formulation given above, the
non—decidability of such e statement does not necessarily reflect on

the consistency or completeness of the axioms of the aystem, or field

of ¥nowledge, in which the argument is stated, but could possibly be
merely a reflection on the very nature of two-valued logie, which demands
Z_valued logic (BA-2) and then 7-valued logic (BA=3) evem for an
argument stated in clessical propositional calculus in BA-1 &is]. Ts
it has bean shown by us that just aa the set of integers. which .fom
a ring under the operation of + , - and X require an extension
to rational mumbers of the type p/q when the mltiplicetion is reversed so
to include its inverse operation (divfsr;.otxilf, %Sttelﬁ seme way the BA-1
a.lgebra,which is s Doolean ring,necessarily requires BA=-2 truth values

(see Appendix A)
on reversal of scme of the relations obtained in BA-14 Further, a similar
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reversal of some of the relations in BA-2 which ia also a Boolean ring
will lead to BA-3 truth values. Therefore, BA-J truth velues of the
type we have discussed above exist in logic independent of any semantic
content or axicmatic nature of ihe terms involved in the statement
which is shown to have the indefinite atate B = (0 1 0). We shall
explain end illustrate this fact further with several examples in what
follows. (For a proof of the extension of BA-1 to BA=2 and BA-3 by

. Appendix A
reversal of relationas, see / and the earlier references given

therein)}

What is more interesting is that the third state B which is

one of the three generators of BA-3, namely (0 1 0}, is identicald:
with the third truth velue for the excluded middle of logic which was
postulated by Brouwer[Bf]in his Intuibiémistic Iogic, where he indicates
that there could be acceptable statements (theorems) of logic which are
such that they can neither be shown to be definitely true nor definitely
falpe, but simpiy have this third truth value which is neither T nor P
Wt is midway between. As an example, Brouwer indicates a possibility
that there may be no proof available for the famous Fermat's theorem -
nemely "Mye equation X  + y© = 2= has no integer solutions X, ¥y, z
for all n > 2 'seither in the positive or negative senge -.and that the
theorem may be unprovable to be either delinitely true or definitely

falge, le.s; ite truth value is the B state discussed above.
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Thus, we find that BA-3 algebra containing particularly the
third indefinite state (0 1 O) other than the two definite states
(1 0 0)and (0 0 1) indicating absolute truth and abszolute
falsehood has several applications in logic. This is indieated by
the comparative Table 1 below in which the notation end essential
properties of BA-3 algebra are listed. Table 2 contains some of the
more important examples of the use of the indefinite state B. (See

section
Discussionffor further details.)

In fact, the "indefinite” state B not only finds application in
indicating incompleteness of the inputs for an argument or the
resolution of paradoxes, but it has great application in the development
of all fields of xnowledge via a number of stages at each of which
the occurrence of state B directly points the way in which the
indefiniteness cen be resolved by including an additional hypothesia |
or axiom in the input. We shall illustrate this by two exemples
from mathematics end also indicate one exsmple from
ancient Hindu philosophy where the very concept or picture that is
sought to be conveyed cannot be done in any way other than by means

of a paradox leeding to the concept itself being in the state B.
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fable 1, The 7 + 1 elements of BA-3 algebra and the correspending entities

namely quentifiers in OPL and truth velues in SBEL,

Graphical dJuantifier BA-3 Truth Graphical OQuantifier BA-3 Truth valu
illustra- state in gymbol  value in illustra- astate in symbol in SEL
tion OPL & nota- SBL tion QPL & nota-
tion tion
7
Por all (1 0 0) Always true % Not {011) Exists
V q(.') AT for all . q(2) falsehood
/ A=(Y) EF
LLL
% For scme (0 1 0) Indefinite A1l or {1 01) . Definite
a(3) B nee ey al4) A
// £« B-(c°)
Y.
VLY,
ey
For nane (0 0 1) Always false % There (010) Extsts
é a(5) AP exists . a(6) tTuth
, / 103) ¥
)
v
/.
,//// Full set (1 1 1) Tautology Null et (0 0 0) Contra-
dietion
! / A o(7) DD ¢ ( At) a(8)
- XX
[/ A
In terms of the standard quantifiers that are used in predicate lo ieé namely

\O{a.nd;

e
the other six quantifiers contained in the full set or]Ei-i elements are

N-TY, §-713, - 3@3710- YOV ,¢- YeIV-3@
A-3 @ 73d-V@V
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Table 2. Examples of the c¢ccurrence of the indefiniter state B in logic

and BV'MF

Quanntifier state

Application or symbol

Where employed

BA-3 algebrs (o 1 o)

Quantifier Calculus {QFL) 2(5\01- some )

Septabhangi Iogic (SHL) B (Indefinite)

Erouwer's Intuitionistic B (Excluded

Logic Middle)
Godel's Thecrem rg!
Paradoxes B

ne of the three genereator
states (1 0 0), (0 10), (00 1)

= 3!"1\7’, standing

for "For some" = "There exists,
but noet for all"

"Exists, but not always ‘true
(ané not always falge )"

The third state of truth, that
forms the "excluded middle™
of classical logic.

ErSeRis R RymPeT, ShgpTy, of @

provable nor disprovable, but
is gtill true end valid,

Leading to their explanation,
and the incorpeoration of
statements that satisfy the
equation T a <= a into
the domain of acceTtable
logie.

b Ctniy those considered in this report are included. Obviously, there

are meny more exsmples and applications of thigs type. 8z mentioned in

the text.
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All these will be presented in short detail in the succeeding sections.

Fuller reports of these consequences are expected to be prepared in due course.

%, Discussion of karadoxes gnd ]'.ncogpletenessesg'

In this section, we shall give a brief account of a number of
paradoxes (including incompleteness of the Godel's t:rpe) and indicate
briefly how the resolution of the paradoxical result —ja & 2 czn be

cbtained to be cne of the shree typea (i4a,b,c)

1) a being either X X or B (14a)
2) a being necessarily XX , {14b)
3) a being necessarily B {14¢)

which will cover all the renge of examples of this type of singularity

that is avallable in the literature, Anticipating what will be\ shown

later, the first case (14a) occurs with paradoxes which are essentially
created by a statement which refers to 1tself in the negetive senee, and such a
statement cen be considered to be contradictory (X X } or perpetuslly
inderinite { B ) depending upon the provlem. The second case (14b) occurs
when the indefinite state is not permissible. The third case, on the other
hend, occurs surprisingly in a large number of examples and we will show

thet the higtory of mathematles contains a very large number of examples
which can be classified under this category — e.g the paradox of infinity
which makes infinity both greater end smaller than itself ao tha‘t‘no definite
ccnclusion ¢an be obtained about one or the gther being valid. We show

also that Godel's proof should alse be categorised under this class and

not indicating any inconsistency in the axioms of arithmetic.

4 A fairly complete account of such paradoxes and incompleteness
theorems is contained in EEBfJ
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(i) Cretan liar ParadoxX

This paradox is one of the earlieat in Greek philosophy, and it
perhaps indicates in a nutshell the essence of our point of view.

The paradox is as follows:

A person (Cretan Liar) says "What I say is not true". Is it

(what he seys) really true or false?

It is obvicus that if what he says (g)is T +then the contents
of the statement indicates that Y ig F . Then the contents indicate
that this falsity is invalid =0 that a ia 7. In other words, we obtain
the two implicational relations & == }a and }a > a
jdentical with our Eqa. (la,b). The two together are equivalent to

—a &> ain Eq. (3).

As we have indicated in the previous sections, there are two
poesible solutioms to the problem, nemely corresponding i¢ the IZVMF
states I standing for contradiction and 3B standing for indefiniteness,
In the former case, we could conclude that "there is no such person
as Cretan Liar" corresponding to 2 being contradictory. On the other
hsnd, if @& corresponds to the state B, then we may say "it is not
possible to say whether what the Cretan Liar says is T or F:' In either
case, it will be noted that nothingZisito-be said about the exioms of
logic or any system of knowledge, Such initial information that are
fed into this simple argumen® are perfectly sound, and the conclusions

we errive at are valid according to the rules of logic. Thus, if we
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apply the aaded framework of BA-3 algebra of SBL for truth values, we
conclude that there is a complete anawer to the paradex in permissible
logical statements mentioned above. Which of the conclugions is chosen
for further application depends upon the semantics connecteu with the

canditions of the problem and do not involve any ccnsiderations of logic.

Tt is commonly believed that the Cretan Liar statement is
inadmiasible because The statement comments cn itgelf and as such
insamissible. e shall now consider the next example of the double
gtetement paradcx in which the conclusion is the same ag in the Cretan
Liar paradox, but a statement is related 1o itgelf only wvie a circuit

of connected statements and not directly to itsell.

{ii) Double Statement Parsdox

Briefly stated, it consists of the following two gtatements

A  seys that

e

: 'Whet B says! (b) is false (15a)

3 says that b: 'What A says' (a) 1is true {151)

It is then seen that we c¢an combine the two gtatements in two different

ways and arrive at such equations as in {16a,b):

!
1

be=

Kép

—n —a &> {16a)

[}

lic*
®

8 =

ne

—> Tt =

[K-2

(161}

In this case, it is seen that both a and b satisfy Ba, (1} and the

same conclusion as Tor the Cretan Liar nold for both the persgons A and B
and to what they say. It must, however, be remembered that it is
sufficient for one of them to be in the indefinite state B for both the

kge. (15a, b} to be mede non-paradoxical.
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Clearly, a set of implications or equivalences connecting e with
bi, b2, b3, ... m and back to a itsell cen occur in any arsument
effectively leading to a =5 — 1&g or —]a== a. In such casges,
the conclusion errived at in standard logic is that, respectively, a or -1 a
is not possible. If both occur ., then a &=> "1 a (Bq.3 ). Since this
commonly occurring situation of & referring tc itself eftectively
leasds to a situation similir to the Cretan Liar Paradox, it can be
concluded that a statement referring to itself is not the contributing
factor for the occurrence of the paradox and that the paradox does not
exist if we accé.pt BA-3 algebra for truth values and admit that the

indefinite state B is valid =snd permissible.

(iii) Barber of Sevdlle problem

this famous paradox from medeaval times saye:

"The barber of Seville shaves all those and only those who

do not shave themselves. Does he shave himgelf or not?"

If the statement "He shaves himself " is designated by the symbel a ,
then it is obviously seen thet they lead to the same two equetions
g =5 "lg ad Tlg ==»g as in Eq.(1), and therefore just as in
the Cretan Liar Paradox, we can conclude thAt one of the folllewinz two
poasibilities is valid.
Bitner{a) that the statement & is in the state X X, and is an

impossible or contradictory statement in loric, so that

we can conclude that the barber of Seville is not existent,

or (b)that the statement 2 hes the indefinite state B ond
therefore it is perpetually doubtful whether the barber of
Seville shaves himself or rot and no definite information
on this can ever be cbtained frow this line of enculry,

Clearly a non-contradictory anmswer 1o the poredex ca only be riven in

the state B but not in AT or AF,
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It is8 to be noticed that all the three examples menticned above
are in propositional calculus and do nat invelve any quantifier, and
they have nc solution in classical logic,or in SNS logic,with T and F
as the basic truth values,for the only solution permiasible under
this i@ X whiech is a contradiction. However, even without the use
of quantifiers, the truth value itself can have an admissible state B
having BA-3 elgebra and it is to be noted that there ias no kick-back
from this conclusion to the axioms or the inputs to each of the
paradoxes, We shall now consider another famoue paradox connected.with

integer
the notion of an infinite/ (o) in which case the solution XX seems

to be not possible emd the only solution ie B.

{(iv) Cantor's paradox

This gecura in several paradoxes comnected with infinity, all of

which gtem from the gemeric equation: (RUS 1)
ol = O+ 1 (17

which mey be taken to explain the difference in property of this mumber
oC from any finite number, This difference is moat clearly indicated
by Cantor's paradox of intinite sets which asks the queatian:“noes the
get of all sets contain 1tself or not?" Once again, we get the answer
in the form of Eq.(1a,bhfor if we take a to stand for "THe set of all
setes contains itself", then since it is the set of all sets, it camnot
contain itself (a =3» _'15) , and if it does not contain itself, then
1% is not the set of all sets, 80 that —) a = 51 resulting in

2 &> ] a, which is Eq. (3). '
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In this case, the soclution X 1is not possible since we do know
from mathemctical analysis that infinite sets exist (in concept, if
not in reaiity)}. Therefore, the solution a = X or a= XX i3 to be
rejected from sementic grounds (not logical). Un the ather nand, the
solution a= B is perfectly permissible and it ig in fact very
reasonable, It means thet it is impossible to say for certain whether
the set of all sets contains itself or not., It is a quegtion that can
only be answered in the gtate B i.e "may be so or may not be so.
It turms out that this indefiniteness gives a valid definition of the
infinity (of integers), because both the statement: — "It is greater
than itself" or "It is?’;:eater than itself" are unprovable, and this csn
be considered to be a definition of infinity., The generic equation (17)
requires this, and mey be taken to be regquired in order to take care of

the paradox,

The point we are making is thet the analeg of the antimoﬁy in Ea.{1)
in the case of Cantor's paradox, does not reflect in any way on the axioms
of logic or number theory, but im fact peints the way to an extension
of the theory of finite integers to ineclude > . How this extension
is made is nct relevani to the resolution of the paradox, but c¢learly the

paradox indicetes no inconsistency in the axioms. As is well—known,

Cantor developed his theory of cardinal numbe;'s connected with infinite
sets to deal with this diffieculty which effectively puts & and =& + 3
in 1— 1 correspondence with each other. e shall not corment on this
Turther as it is berond the scope of this report. In mnalysis, all results
for n = o0 are arrived at by taking n —a =) , and by proving theorems
for n -2; <O , on the basia of rinite values of n only, so that the

paradoxes pertaining to o are avoided [RUS ‘I} .
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#e snall next consider the paradoxes connected with the names of
Russell and Richard, both of which also have in common the feature of a
statement referring to itsell in the negative, which has been the basig
for all later development of incompleteness theorems in logic¢ asscciated

with Godel and others.

(v) Russell's Paradox

Rusgell's paradox is closely similar to Cantor's, but it is based
on a set being in one class or another and the name of the class which
congista of gll members of this class. We give this in some detail -
below as it geems §o be the starting point for Richard's paradox which

later led to Gbodel's incompleteness theorem.

The line of argument runs as rollows: Given any class of things
C for example, either C is a member of itself or it is not = cgne or
the other, but not both. When a2 class is not a member of itself, we
mey call it an "exclusive" class. Consider now the class of exclusive
clasges — say K. The object is to determine whether K is itself

exclusive or not.

It is quite easy to see that if X ig exclusive, then it is not
a member of itself so that K is not exclusive. Vice versa, if K is
not exclueive, then X is a member of itself. Thus, the answer to the
question "Is K exclusive or not?" turns out to be neither, because each
leads to the negation of itself. Therefore, from oﬁr general solution
to Eq.\?) either the statement is impossible {truth velue = Xx)'or it can
only be seid that it may or may not be true, but cannot be definitely

proved to be true or false (truth value B),
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(vi) Richard's ‘oaradoxs

Rugsell's paradox dealing with sets has been generalized in Richard's
paradox to definitions in a language. Ve consider this because it is the
starting point for Godel's ineompleteness theorem. How all definitions
in a language can be listed by some rule. Let n be the listing number
of one such definition. Now we asik the questiont whether n has the property
of being the listing number of the definition of n iteelf. We call it
Richardien if n does not have the property demended by the defining

expression listed as n ir the exemple.

Then, the paradox named after Richard is the answer to the question

"Ig n Hichardian or not?"s Obviously, n is Richardian il and only if

it does not have the property of the definition in the list under n.
This is precisely the type of paradox we have been dealing all along,
pemely —R(n) &= R(n). Cnce agmin we see that the only answer is
either that no R(n) with the above definition exiats, or that it camnot
be gaid definitely that it has the property of being either R:'Lchardian
or not Hichardisn, corresponding to truth values XX and B for E(n)
There is rnc logical invalidity, as R{n} is a valid statement by the

rules of logic, bui need not be always true or false,

In this case, the definition of 'Richardian’ was brought in by a
complicated definitioen in a langusge, which may not be nomal'ly admigsaible,
unless the gtete B is accepted. What Gddel attempted was to obtain a
definition of this type whiech is stated in mathemastics—— number vheory —
by rules, definitions and derivations based on exioms of arithmetic znd
he was able 0 get a very similar paradox, but which he showed has the

truth value T, by rolleowing a difterent pash.

i A good account of this persdex and its relztionship to Godel's proof
igs given in [NN—G.



